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Abstract-A generalized vector variational inequality (GVVI) is considered. We establish the exis- 
tence theorem for (GVVI) under assumptions of C-pseudomonotonicity and V-hemicontinuity. From 
our existence theorem, we obtain the fuzzy extension of a result of Chen and Yang. 
1. INTRODUCTION AND PRELIMINARIES 
Recently, Giannessi [l] introduced the vector variational inequality in a finite-dimensional 
Euclidean space. Since then, Chen et al. [226] have intensively studied vector variational in- 
equalities in abstract spaces. On the other hand, Chang and Zhu [7] introduced the concept of 
variational inequalities for fuzzy mappings in abstract spaces and investigated existence theorems 
for some kinds of variational inequalities for fuzzy mappings, which were the fuzzy extensions 
of some theorems in [8-111. Lee et al. [12] obtained existence theorems for certain variational 
inequalities for fuzzy mappings, by following the approach of Chang and Zhu [7] and using new 
results of Kim and Tan [13]. Our original motivation of this paper is to obtain the fuzzy extension 
of a result of Chen and Yang (5, Theorem 2.1, part (i)] 
Let X, Y be two normed spaces and K a nonempty closed and convex subset of X. Let 
T : X --+ 2L(x3y) be a set-valued map, where L(X, Y) is the space of all linear continuous 
mappings from X into Y and C a closed, pointed and convex cone of Y such that intC # 4, 
where int denotes interior. 
Consider the generalized vector variational inequality (GVVI): 
(GVVI). F in d ze E K such that for each z E K, there exists se f T(Q) such that 
(so,5 - 20) $?! -intC, 
where (se, y) denotes the evaluation of the linear mapping SO at y. 
When T is a mapping from X into L(X, Y), (GVVI) reduces to the following vector variational 
inequality (VVI) considered by Chen et al. [2,4,5]. 
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(VVI). Find zo E K such that (T(Q), z - ~0) $ -intC for all z E K. 
The above inequality (WI) is a generalization of the classic scalar variational inequality (VI) 
in [14]. When Y = B,X = Rn and C = R+, then (VVI) reduces to (VI). 
(VI). Find ~0 E K such that (f( zo,a:-so)~Oforalla:~K,wheref:R~-tIW~isagiven ) 
mapping. 
In this paper, in order to obtain the fuzzy extension of a result, of Chen and Yang [5, The- 
orem 2.1, part (i)], we consider (GWI) and establish the existence theorem for (GVVI) under 
assumptions of C-pseudomonotonicity and V-hemicontinuity. Our existence theorem subsumes 
the part (i) of Theorem 2.1 in [5] and Theorem 2.1 in [15]. From our existence theorem, we obtain 
the fuzzy extension of a result of Chen and Yang [5, Theorem 2.1, part (i)]. 
Now we give the definition of KKM map and KKM-Fan theorem [16] for the proof of our 
Theorem 2.1 in Section 2. 
DEFINITION 1.1. Let E be a subset of a topological vector space X. Then a set-valued map 
FzE--+~~ is called the KKM map if for each finite subset (~1,. . . ,zn} of E, co{zl,. . . ,x,} c 
Iz 
U F(Q), where CO{ZI,. . . , 2,) is the smallest convex set generated by (21,. . . , zn}. 
i=l 
THEOREM(KKM-Fan theorem). Let E be a subset of a topological vector space X and F : E -+ 
2x be a KKM map. If for each x E E, F(x) is closed and for at least one x E E, F(x) is compact, 
then n F(x) # 4. 
XEE 
2. EXISTENCE THEOREMS 
First,, we give definitions for the existence theorem for (GVVI). 
DEFINITION 2.1. Let X be a normed space with dual space X* and T : X + X* a mapping. 
(1) T is said to be monotone if for any x, y E X, (T(x) - T(y), x - y) 2 0. 
(2) T is said to be pseudomonotone if for any x,y E X, (T(x), y - x) 2 0 implies that 
(T(Y), Y - x) 2 0. 
(3) T is said to be hemicontinuous if for any x, y, z E X and the mapping Q: -+ (T(x + ay), z) 
is continuous at O+. 
DEFINITION 2.2. Let X, Y be two normed spaces, T : X + L(X, Y) a mapping and C a closed, 
pointed and convex cone of Y such that intC # 4. 
(1) T is said to be C-monotone if for any x,y E X, (T(x) - T(y),z - y) E C. 
(2) T is said to be C-pseudomonotone if for any x, y E X, (T(y), y - x) $ -intC implies that 
(T(y), y - x) $ -intC. 
(3) T is said to be V-hemicontinuous if for any x, y, z E X and the mapping Q + (T(x+ay), z) 
is continuous at O+. 
REMARK. When Y = R and C = lw+, Definition 2.2 becomes Definition 2.1. 
DEFINITION 2.3. Let X,Y be two normed spaces, T : X + 2L(x9y) a set-valued map and C a 
closed, pointed and convex cone of Y such that intC # 4. 
(1) T is said to be C-monotone if for any x, y E X, s E T(z) and t E T(y), (s - t, x - y) E C. 
(2) T is said to be C-pseudomonotone if for any x, y E X, 3s E T(x) such that (s, y - z) $ 
-intC implies that 3t E T(y) such that (t, y - x) $ -intC. 
(3) T is said to be V-hemicontinuous if for any x, y E X, (Y > 0 and t, E T(x + ay), there 
exists to E T(x) such that for any z E X, (to, z) -+ (to, z) as a -+ O+. 
REMARK. 
(1) Definition 2.3 is a generalization of Definition 2.2. 
(2) We can easily prove that the C-monotonicity implies the C-pseudomonotonicity. 
Now we prove the existence theorem for (GVVI). 
THEOREM 2.1. Let X be a reflexive Banach space and Y a Banach space. Let K be a nonempty 
bounded, closed and convex subset of X and C a closed, pointed and convex cone in Y with 
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intL’ # 4. if T : X -+ 2L(x7y) is C-pseudomonotone, compact valued and V-hemicontinuous, 
then (GVVI) is solvable. 
PROOF. Define a set-valued map F1 : K --+ 2K by for any y E K, 
Fl(y) = {z E K : 3s E T(z) such that (s, y - z) # -intC}. 
We first, prove that Fl is a KKM map on K. 
Suppose that (~1,. ..,z,} c K,CT=l=,cri = l,cri 2 0,i = l,..., 71 and cc = ~~S1cw:i # 
fi FI(zi). Then for any s E T(z), (s, zi - z) E -intc,i = 1,. . . , n. 
i=l 
Thus we have, 
(s,x) = .&Xi = -&x(s,x,) ( ) i=l i=l 
E 2 (Yi(S, Z) - intC 
i=l 
= (s,z) - intC. 
Hence 0 E i&C, which contradicts the pointedness of C. Therefore FI is a KKM map on K. 
Define a set-valued map FZ : K -+ 2K by for any y E K, 
Fz(y) = {z E K : 3 E T(y) such that (t, y - z) $ -intC}. 
Let z E Fl(y). Then there exists s E T(z) such that (s, y - z) $ -i&C. By the C- 
pseudomonotonicity of T, there exists t E T(y) such that (t, y - z) $ -intC. Thus 2 E Fz(y). 
Hence for any y E K, Fl(y) c Fz(y). Therefore Fz is a KKM map on K. 
On the other hand, for any y E K, Fz(y) is closed. Indeed, let {zn} be a sequence in Fz(y) 
such that 2, converges to z* E K. Since 5, E Fz(y) for all n, there exists t, E T(y) such that 
(tn, y - 2,) E Y\(-intC). S ince T(y) is compact, without loss of generality, we can assume that 
there exists t, E T(y) such that t, converges to t,. 
II(LY -Gz)-G*,Y -x*)11 = II(GL,x* -x72) +(t,-t*,y-x*)ll 
2 IIbL,~* - GJII + Ilh - t*,y - x*)ll 
2 lItnIl lb* - xnll + lltn - t*lI IIY - x*11. 
Since {tn} is bounded in L(X, Y), (tn, y-z,)converges to (t*, y-x*). Hence (t*, y-z*) $! -intC. 
Hence z* E Fz(y). 
Since K is a closed, bounded and convex subset of a reflexive Banach space X, K is weakly 
compact. Since Fz(y) c K, Fz(y) is weakly compact. By KKM-Fan theorem, n Fz( y) # 
YEK 
q5. Let z E n Fz(y). Then for any y E K, there exists t, E T(y) such that (ty, y - z) $! 
-intC. By the convexity of K, for any (Y E (0,l) there exists t, E T((Y~ + (1 - CE)Z) such that 
(&,a(~-2)) 4 -intC. Dividing by 0, we have (ta, y-x) 6 -intC. By the V-hemicontinuity of T, 
there exists to E T(x) such that (to, y - z) $ -intC. Hence x E y9K FI (y). Thus ,FK FI (y) # 4. 
Consequently, there exists zo E K such that for each z E K, there exists SO E T(Q) such that 
(so,5 - 20) 4 -intC. 
We can obtain the following corollaries from Theorem 2.1. 
COROLLARY 2.1. Let X be a reflexive Banach space and Y a Banach space. Let K be a nonempty 
bounded, closed and convex subset of X and C a closed, pointed and convex cone in Y with 
intC # 4. If T : X ---) L(X,Y) is C-pseudomonotone and V-hemicontinuous, then (WI) is 
solvable. 
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REMARK. The above Corollary 2.1 is an extension of a result of Chen and Yang [5, Theorem 2.1, 
part (i)]. 
COROLLARY 2.2. Let X be a reflexive Banach space with dual space X*, Y a Banach space and 
K a nonempty bounded, closed and convex subset of X. If T : X + X* is pseudomonotone and . 
hemicontinuous, then there exists 20 E K such that (T(q), 5 - ~0) 2 0 for all 2 E K. 
REMARK. The above corollary 2.2 is a generalization of a result of Cottle and Yao (Theorem 2.1 
in [15]). 
3. FUZZY EXTENSION 
Let X, Y be two normed spaces and 3(L(X, Y)) the collection of all fuzzy sets on L(X, Y). A 
mapping F from X into 7(L(X, Y)) is called a fuzzy mapping. If F : X -+ F(L(X, Y)) is a fuzzy 
mapping, then F(z), z E X (denoted by FZ) is a fuzzy set in T(L(X, Y)) and FZ(s), s E L(X, Y), 
is the degree of membership of s in F,. Let A E 3(L(X,Y)) and p E [O,l]. Then the set 
(A)0 = {s E L(X,Y) : A(s) 1 p} is said to be an a-cut set of A. 
DEFINITION 3.1. [17] A fuzzy set A on L(X, Y) is compact if for each ,0 E (0, 11, (A)p is compact 
in L(X, Y). 
DEFINITION 3.2. Let X, Y be two normed spaces, F : X + T(L(X, Y)) a fuzzy mapping and C 
a closed, pointed and convex cone of Y such that intC # 4. 
(1) F is said to be C-monotone if for any z,y E X and s,t E L(X,Y) with F,(s) > 0 and 
F,(t) > 0, (s - t,a: - y) E C. 
(2) F is said to be C-pseudomonotone if for any 5, y E X and ,0 E (0, 1],3s(F,(s) 1 p) such 
that (s, y - z) $ -intC implies that 3t(F,(t) 2 p) such that (t, y - x) 4 -intC. 
(3) F is said to be hemicontinuous if for any 5, y E X and t, E L(X, Y) with F,+,,(t,) 1 
P(P E (0,111 th ere exists to E L(X, Y) with F,(to) 2 /3 for any z E X, (ta, z) -+ (to, Z) as 
(II -+ o+. 
Now we obtain a fuzzy extension of a result of Chen and Yang [5, Theorem 2.1., part (i)]. 
THEOREM 3.1. Let X be a reflexive Banach space and Y a Banach space. Let K be a nonempty, 
bounded, closed and convex subset of X and C a closed, pointed and convex cone in Y with 
intC # 4. Let F : X + 7(L(X, Y)) b e a fuzzy mapping such that F is C-pseudomonotone and 
hemicontinuous and that for each x E X, F, is a compact fuzzy set on L(X, Y). Suppose further 
that there exists a real number p E (0, l] such that for each 5 E X, (FZ)a is a nonempty subset 
of L(X, Y). Then there exists x0 E K such that for each x E K, there exists SO E L(X, Y) with 
F,,(so) 2 p such that (SO, x - ~0) $ -intC. 
PROOF. Define a set-valued map F : X + 2L(x*y) by for any x E X,F(z) = (F,)o. It follows 
from the C-pseudo_monotonicity of F that for any x, y E X, 3s E F’(z) such that (s, y-z) 4 -intC 
implies that 3t E F(y) such that (t, y - x) 6 -intC. This implies that F is C-pseudomonotone. 
Furthermore, the hemicontinuity of F implies the V-hemicontinuity of F. Since for each x E X, F, 
is a compact fuzzy set on L(X, Y), then for each 5 E K, F(x) is compact. By Theorem 2.1, there 
exists SO E X, such that for each x E K, there exists SO E F(zo) such that (SO, x - 20) $ -intC. 
Hence there exists x0 E K such that for each x E K, there exists so E L(X, Y) with F,, (SO) 2 p 
such that (SO,Z - ~0) 4 -intC. 
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